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Resumen

Este trabajo presenta la funcién limite de una distribucién
hipergeométrica negativa que se aplica en la valoracién de
opciones utilizando la ecuacion de riqueza y algunas herramientas
de martingala. Este articulo presenta un modelo de tiempo discreto
simple en comparacion con otro modelo existente. Este trabajo
concluye que el limite de la hipergeometria negativa se puede
asociar con términos financieros que se pueden usar para evaluar
los valores de las opciones (sin dividendos), lo que da el mismo
valor numérico que el modelo CRR.

Palabras clave: Distribucién negativa hipergeométrica, ecuacion
de riqueza y opcion.

Abstract

This work introduces limit function of a negative hyper
geometric distribution which is applied in option pricing using
wealth equation and some martingale tools. This paper presents a
simple discrete time model in compares with another existing
model. This work concludes that limit of negative hyper geometric
can be associated with financial terms that can be used to evaluate
option values (non dividend) which gives the same numerical with
CRR model.

Keywords: Negative hyper geometric distribution, wealth equation
and option

1. Introduction

This paper focuses on a negative hyper-geometric

distribution discussed in [5] which is given as of the form
(r+x—1)(R—r+S—x)

Nhg g, (x) = % x=01....5
(5
(1.0
where R,S€N and r €{1,...R}.-The mean and

and

Variance of X are given as —— (RAD2(R+D)

respectively. If the terms and condition on the parameters of
negative hyper geometric distribution are satisfy then the
limit function of the distribution can be association with
finance term to determine European option pricing. To enable
the purchasing or selling of an option, we would like to be
able to determine its value at any point in time. This paper
aims to answer the question of option pricing under a
simplified framework using the limit function of a negative
hyper geometric distribution.

rS(R+S+1)(R-r+1)

For example John Cox et al [3] gave a recursive procedure
for finding the value of call with any number of periods to go
with general formula for any n:

n!

C= [Z}LO (W) /(1 —p)" 'max[u/d"Is —

K]] Jrn (1.1)

Now the proposed model of the form

1 ™ rER+r-1)T-k _
XO = (1+T‘)T ZE(}() (R+1)T max[ukdn kS(O) - K]
where k =0,1...T (1.2)

In this paper, we make a characterization taking into account
results presented in ([1], [2],[4]). For more notions related to
the topic presents in this paper, we refer the reader to [9].

© Autores; Licencia Universidad de Pamplona SZermss


mailto:carlosgranadosortiz@outlook.es

BISTUA Rev. FCB, Vol. 20 (2), (2022)

2. Method 2. Atthe end of the period , the price is the go up
) ) ) ) with a factor u or go down with a factor d, where
Let X be the negative hygrometric random variable with 51(,,) 51(T)
the parameters R, T, and 7. Its probability function is given as u= >1land d = <laT=1
of the form R 3. Atthe end of the period the prlce is either uS(0)
r+k—1\(R-r+T—
P.(X) = % x=01...T with neutral probabilities ﬁ or d S(0) with
T
r+k—1\(R-1+T—k
If P(X) = (" )R(WS"‘ ) .
(®) 4. The movement can also be traced from a view
) LR gk ™ (ke D)l (Rer+T—K)! pc?inF of tossing a coin ,which. result to a head and
<1§;)T,)' T \k/ -1 (R-1) tail .if it result to a head at a time one we have
T! Sk+1(H) = uS,, , if itresult to a tail at a time one
(R+T)! ,we have S,.,(T) =dS,
(T) (R+k=1)(T+k=2) . T<(R—T+K—k)(R—T+T—k—1) ...(R—T+1) 5 ASSUI’ne d < u, |f d >u I’e|abe| X |f d =Uu then
(R+T)(R+T—1)....(R+1) S, is not a random .
e Fors (Rt Toket) R 6. LetR= (1+7r)and 0<1+7r <u,thenno
r+1)r+k-2 —r+T— —r+T—k—1 —r+1 .
(T) (R+1)[R+1 R+1 " R+1]x((R+§2[ R+)1 R+1 " R+1 ] arbltrage
R+T)(R+T-1
(R+1)[W ......... 1]

Lemma 2.1:1f0<d <1+ r <u, then no arbitrage
(R +1)k[ T (rtk=2)(rtke 1>]X(R +)T- k[<R —r+1) (R-r+T-k-DR-r+ykpre d, r and u are followed at was mentioned in

(T) () () (R+1)T[1 (R+’15§+1) (Rr1) e gaaumptlons 2.1.
TR+ Proof:
TR, 7 = co while ﬁ and LF remain constant. Let considerl +r >u>d, and portfolio Z'[x =
P, (X k rp—r+1\S-T
x) - (R+1) ( R+1 ) —,y = ]where B(0) denotes the price of the bond at
k rprs1\ST rk(R+r—1)T‘k t i((g 5O
R(X) - (R+1) ( R+1 ) T @®+DT .
(2.0) Let V;(0) and V(1) respectively denote the value of the

portfolioZatt =0and t = 1.

Letth Ith tion defined bset w = {H,T
et the wealth equation defined on subset w = {H, T} V(O)—xS(O)+yB(0)

Xis1 = DySper + (1 +1)(Xp — A Sy)

(21) =_ﬁ5(0)+%3(0) =0
where A, is the share of stock, for (X, — A, S) invested and
in the money market . VZ(O) =xS(1) + yB(1)
where k = 0,1,...N =
Solving (2.1) L uS(0) + == (1 +r)B(0 with probability > 1
Xir1 = DiSper + (1 + 1) Xy — AycSk) 5(0) © B(O)( )BO) P Y
A+r)X, + A0Sk — A+ r)S,§() = X1 —?O)dS(O) + m(l +1r)B(0) with probability < 1
X + k[( 5k+1( ) — ]—(TI:—T) :{E1+r;—u20
X (H) 1+7r)—d>0
Xie + Ay [(H_—l)sk+1(H) - Sk] = T 25)
(2-2)( ) (2.5)  violates the no arbitrage
_ _ = Xk (D >
X, + Ay [(m) Spar(T) Sk] = Xt Lets u>d > (1+7) 1
(2.3) Constructing a portfolio Q: [x = 5(0)’y =30
LetuS, = Sy (H) and i1 (T) = dSy VQ(O) =x5(0) —yB(0) =0
From equations 2.2 and 2.3, it follows that —
[Xpp1(H)Xpe1— Xge1(D]
A= [u’:il]sk — s(o) —uS(0) — ?0) (1+7r)B(0) with probability > 1
(2.4) . s
2.1 Assumptions ﬁdS(O) — ?0) (1+7r)B(0) with probability <1
1. The initial value of the stock is S(0) that is stock — {u - El + T% >0
; _ d—(1+r)=0
riceatT =0 =
P (2.6)
(2.6) clearly violates no arbitrage thus 0 < d <1+ 71 <
u is justified.
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T 1+r—-d

Lemma 2.2: Let — = and 1 — — =
R+1 u—d R+1 u—d

exist for 0 < — < 1 — —, the following holds
R+1 R+1

u—-1-r

. r r 1+r—d u—1-r _
I m-l_ 1 T R+1 u-d u—d =1
i. (L)u+(1—L)d X L=
R+1 R+1 (1+7)
iii. Lo =1vi=12.3
L
Proof:

I and ii are followed. Then , we proves iii. Let
- =1Vi=123..

=1pyq; .
Defining —— = () e, = 2 (1~ ) ond
b= Sh|() 2 (1-) +(1-

=)
- [ - ()

Lemma2.3 letS, 1 (H) = uS; and S, (T) = dS; then

+1]=1

Sk _ Sk+1 _
Tt = (1+r)k+1] where k = 0,1...N.
Proof :
r r 1
it () ut (1= ) d X g =

Multiplying both side by S,
(s + (1-25) asi] = .

(1+71)
. . 1
Multiplying both by E=r:
Sk _ Sk+1 ]
(1+r)k (1+r)k+1] "
Lemma 2.4: If A= 2kl Xen @ ooy he

] 5k+1_(H) Sk+1(T)
discounted wealth process under risk neutral measure.
Xk _ . .
REEY: k=0,1..N ismartingale.
Proof:

Multiplying (2.2) by —1 and (2.3)

Xie + Bk [(R+1) R+1 Sies1 (H) — (R+1) S"] -

R-1r+1

1

(E) (R+1) Xier1 (H) @7)

Xie + B [(%:1) R+1 Sk (T) = (R;:?) Sk] -
(5) () X @8)

Adding (2.7) and (2.8)

X+ by [ (550 UD) + (522) 5] - 5, =
ﬁ [(R+1) X (H) + (R;:-l) X"“(T)]

By lemma 2.3
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X = = [(35) e (D) + (B52) X (1)

1+r

(2.9)
Multiplying both side by

(1+r)k
Xk _ 1

a+rk W[(m) Kiera (H) + (R r+1)X"+1(T)]

Xk _ [Xk+1]
(1+1)k (1+r)k+1 °

Set k = 0 implies time zero (2.9) reduces to

Xo = i (R+1) X, (H) + (R;:Jlrl) Xl(T)]
(2.10)
Theorem 1.1

Given wealth equation (2.1) defined on the subset w =
{HH,HT,TH,TT} with a unfair probability and with A,=
Wieer (MH)~ Xiee1 (D) 5 giscounted wealth process under risk

Sk+1(HH)=Sg41(HT)
neutral measure. Then
1 7T\ TR+r-1)T K
k™ (1+r)kz (o) R+1)T

max[u*d*=*S, — K]

(2.11)
Proof:
X1 = DiSpqr + (T +1) (X — AieSk)
Defining it on the subset w = {HH,HT,TH,TT} of
tossing a coins.
X1 =
Xip1 (HH) = 0 Sppy (HH) + (1 + 1) (X (H) — A S (H))

Xis1(HT) = 8y Sieer (HT) + (1 + 1) (X (H) — A S (H))

Xies1(TT) = 8 Sjesr (TT) + (1 + 1) (Xp(H) — Dy Sic(H))
Solving (2.12) and (2.13)
_ Xik+1(HH)=Xp41 (HT)
" Ske1(HH)=Si41 (HT)
(2.15)
Solving (2.13) and (2.14)
Xk+1(HT) =X 41 (TT)
Sk+1(HT)=Sg41(TT)

(2.16)

Ak=

Then
Xis1(HH) = N Sppy(HH) + (1 + 1) (X (H) —

A S, (H))

1+ )X (H) + A Sp1 (HH) — (1 + 1)A S (H) =
X1 (HH)

(1 + )X (H) + A [Ske1 (HH) — (1 + 1)S) (H)]
Xir1(HH)

By (2.15)

(1 + )Xy (H) + SIS, (HH) = (1+
7)S(H)] = Xjp.1 (HH)

Choose X1 (HH) = Cyy, X (H) = Gy, Xprr (HT) =
Cuaand Sk+1(HI;I) =c us[‘ngl'gf)lgsécl+1gf7(2)]= dS,(H)

uu—Cud [USH (H)—(1+47)5p

1+nrC, + o a5, D) = Cuy

(1 + T)C + Cuy Cz;i[z)éjl‘(";;]sn(lﬂ — Cuu
Cuglu—(1+1)]

- u—d

Cyylu—(1+1)]
a1+nc, + _—"

By lemma 2.2
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R+1r—-1 T

A +7)C0 + 52 C = 2= Cua = Cua
(1+71)C, C — Iy A G
A+, = (1= G + (52) Cua
(1+7)C, = (ﬁ) Cuw +(B2) Cua

€= 77 |(75) G+ (F7) e
Set k=1 |mpI|es at a time one

R+r—-1
X, (H) = s [ Xa (HH) + S22 X, (HT) |
Thus

R+1r-1
X,(T) = =5 [5 % (HT) + 52 %, (TT) |
From lemma 2.4

X = o |(G) e + (5 ”1) X
Xo = ﬁ (RL-H) ((r+1) (R_H)X (HH) +

(R;:?) XZ(HT)D + (R}:-J;I) ((r+1) R+1X2(HT) +
R+7— 1X2(TT)])]

X0=

i[i ((R+1) X (HH) +
2(2) (B2) xomm) + (B2 x, (TT))]

X. = 1 (L R+7r—1
07 @+m2\Rr+1 ' R+1
For time two we have

1 2 2N rE(R+r—1)2k
Xo = oy 2i=0(e) — ey —

) max[u*d"*S, — K, 0]

max[u*d™"*S, —

(R+1)?
K,0]
For general purpose
_ 1 7 r*R+r-1)T=¢ k yn—k
X, = (1+—r)TZ ( ) DT max[ud" %S, —
K,0] (2.16)

3. Numerical Results

The following examples have been given to illustrate the
application of limit function hyper geometric distribution.
Example 3.1: Given that S, =100 ,K =100, u =

1.2,d =08r=10%and T = 2.
rk(R+r-1)T-

1 T -
Xy = WZLO(R) max[ukd"=*S, — K, 0]

(R+1)T
1 [ 2! (3)2x(3)° _ 1
0= [TO!—W x 44] = —[1x0562x1x
44]=$20.4
CRR Model

C= [Z?: ( - J).) p/(1 — p)" I Max[0,u/d" IS —

K]/r"]
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21 (2512 (750 21 25\ /75\!
2BV (E) w0+ 2 (E) (&
1 [orz1\100/ \100 1111 \100/ \100

112 2t (2510 /752
2o (o) (iag) x4
2100 \100/ \100

Example 3.2: LetS, =100, K =100,r =7%,T =
3,u=11and d =09

X0+

$20.45

(T) rk(R4+r-1)T—k

DT max[ukd™ S, —

Xo = (1+r)T

K,0]
3! (85)°x(15)% 3! (85)'x(15)?
1 0!3!  (100)3 112! (100)3

(1.07)3 | 3! (85)2x(15)* 3! (85)3%(15)°
2111 (100)3 ><890+3|0' (100)3

X0+
XO =
% 33.10
=$18.96

CRR Model
€ = [27-0 () /(0 = pIMax[o,wdmis — K] /r]

3! (85)°x(15)3 3! (85)'x(15)?

_ 1 0!3!  (100)3 112! (100)3 x0+ _
T (1.07)%| 3! (85)x(15)* 31 (85)3x(15)° -
2111 (100)3 x8.90 + - 310! (100)3 X 33.10

$18.96

4. Conclusion

Cox ad Ross [3] gave and option pricing model which is
famously called CRR model for option pricing. In compares
this work formulates a model using negative hypergeometric
distribution when R, — oo, which concludes an alternative
numerical procedure which is both simpler and for many
purpose of computationally more efficient. On the other
hand, for future works, results obtained in this paper can be
applied or extended in Neutrosophic theory by applying
Neutrosophic random variables (see [6,7,8]).
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